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Completely Invariant Escaping Set of
Transcendental Semigroup
Bishnu Hari Subedi and Ajaya Singh
Abstract. For a non-trivial transcendental semigroup, escaping set I(S) is in
general S-forward invariant and it is S-completely invariant if semigroup S is
abelian. In the contrary of this result, we investigate completely invariant escap-
ing set K(S) in different way even if semigroup S is not abelian and we discuss
some properties and structure of such type of escaping set. Also, we establish
some relations between completely invariant escaping set K(S) and the general
escaping set I(S).
1. Introduction
Throughout this paper, we denote the complex plane by C and set of integers
greater than zero by N. We assume the function f : C → C is transcendental
entire function unless otherwise stated. For any n ∈ N, fn always denotes the nth
iterates of f . Let f be an entire function. The set of the form
I(f) = {z ∈ C : fn(z) →∞ as n→∞}
is called an escaping set and any point z ∈ I(S) is called escaping point. For a tran-
scendental entire function f , the escaping set I(f) was first studied by A. Eremenko
[2]. He himself showed that I(f) 6= ∅; the boundary of this set is a Julia set J(f)
(that is, J(f) = ∂I(f)); I(f) ∩ J(f) 6= ∅; and I(f) has no bounded component.
By motivating from this last statement, he posed a question: Is every component
of I(f) unbounded?. This question is considered as an important open problem of
transcendental dynamics and nowadays it is famous as Eremenko’s conjecture. Note
that the complement of Julia set J(f) in complex plane C is a Fatou set F (f) and
any maximally connected open subset of a Fatou set is called a Fatou component.
There are two types of points for which the inverse of entire map f is not well
defined, namely critical values and asymptotic values. Recall that the set C(f) =
{z ∈ C : f ′(z) = 0} is the set of critical points of the transcendental entire function
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f and the set CV (f) = {w ∈ C : w = f(z) such that f ′(z) = 0} of all images
of all critical points is called the set of critical values. The set AV (f) consisting
of all w ∈ C such that there exists a curve (asymptotic path) Γ : [0,∞) → C
so that Γ(t) → ∞ and f(Γ(t)) → w as t → ∞ is called the set of asymptotic
values of f and the set SV (f) = (CV (f) ∪ AV (f)) is called the set of singular
values of f . Note that this set is coincide with the set of singularities of the inverse
function f−1 of f , and so this set is also denoted by Sing(f−1). Among the entire
functions, only transcendental entire functions may have asymptotic values: clearly
polynomials cannot have finite asymptotic values. If SV (f) is a bounded set, then
f is said to be of bounded type. The set B = {f : f is of bounded type} is called
Eremenko-Lyubich class.
The main concern of this paper is to the study of the completely invariant
escaping set under transcendental semigroup. So we start our formal study from
the notion of transcendental semigroup.
Definition 1.1 (Transcendental semigroup and subsemigroup). Let A =
{fi : i ∈ N} be a set of transcendental entire functions fi : C → C. A transcen-
dental semigroup S is a semigroup generated by the set A with semigroup opera-
tion being the functional composition. We denote this semigroup by S = 〈A〉 =
〈f1, f2, f3, · · · , fn, · · · 〉. A non-empty subset T of transcendental semigroup S is a
subsemigroup of S if f ◦ g ∈ T for all f, g ∈ T .
A semigroup generated by finitely many functions fi, (i = 1, 2, 3, . . . , n) is called
finitely generated transcendental semigroup. We write S = 〈f1, f2, . . . , fn〉. If S is
generated by only one transcendental entire function f , then S is cyclic transcen-
dental semigroup. We write S = 〈f〉. In this case, each g ∈ S can be written as
g = fn, where fn is the nth iterates of f with itself. Note that in our forthcoming
study of transcendental semigroup theory, we say S = 〈f〉 is a trivial semigroup.
The transcendental semigroup S is abelian if fi ◦ fj = fj ◦ fi for all generators
fi and fj of S. We say semigroup S is said to be of bounded type if each generator
fi, (i ∈ N) of S is taken from the Eremenko-Lyubich class B.
Based on the Fatou-Julia-Eremenko theory of a complex analytic function, the
Fatou set, Julia set and escaping set in the settings of semigroup are defined as
follows.
Definition 1.2 (Fatou set, Julia set and escaping set). Fatou set of the
transcendental semigroup S is defined by
F (S) = {z ∈ C : S is normal in a neighborhood of z}
The Julia set of S is defined by J(S) = C− F (S) and the escaping set of S by
I(S) = {z ∈ C : fn(z)→∞ as n→∞ for all f ∈ S}
We call each point of the set I(S) by escaping point.
Note that above definition of escaping set is slightly different from the definition
of escaping set by Dinesh Kumar and Sanjay Kumar [5, Definition 2.1]. In [9,
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Theorem 3.2], we proved that our definition of escaping set is more general than
the definition of Dinesh Kumar and Sanjay Kumar.
The following immediate relation hold for any f ∈ S from the definition 1.2 of
escaping set.
Theorem 1.1. Let S be a transcendental semigroup. Then I(S) ⊂ I(f) for all
f ∈ S and hence I(S) ⊂
⋂
f∈S I(f).
From this theorem 1.1, we can say that the escaping set may be empty. Note
that I(f) 6= ∅ in classical iteration theory [2]. Dinesh Kumar and Sanjay Kumar
[5, Theorem 2.5] have mentioned the following transcendental semigroup S, where
I(S) is an empty set.
Theorem 1.2. The transcendental semigroup S = 〈f1, f2〉 generated by two
functions f1 and f2 from respectively two parameter families of functions F =
{e−z+γ + c where γ, c ∈ C and Re(γ) < 0, Re(c) > 1} and F ′ = {ez+µ +
d, where µ, d ∈ C and Re(µ) < 0, Re(d) 6 −1} has empty escaping set I(S).
There are also transcendental semigroups whose escaping sets are non-empty.
If escaping set of the generators of transcendental semigroup S are equal, then it is
not difficult to find escaping set of semigroup as shown in the following result.
Theorem 1.3. Let S = 〈f, g〉 be a transcendental semigroup such that I(f) =
I(g). Then I(S) = I(f) = I(g).
Proof. Since I(f) = I(g). It follows I(fni) = I(gnj) for all ni, nj ∈ N. Since
any h ∈ S can be written as h = fnk ◦gnk−1 ◦ . . .◦gn1 where nk, nk−1, . . . n1 ∈ N and
some nj are allowed to be zero as well. These facts concluded that I(h) = I(f) =
I(g) for all h ∈ S. Therefore from the theorem 1.1, I(S) = I(f) = I(g). 
There are examples of transcendental entire functions that have same escaping
sets. The following criteria is proved by Dinesh Kumar and Sanjay Kumar [7,
Theorem 2.12].
Theorem 1.4. Let f be a transcendental entire functions of period p and let
g = fk + p, k ∈ N. Then I(f) = I(g).
In [10, Lemma 3.3], we have also proved the following criterion to have same
escaping sets of two transcendental entire functions.
Theorem 1.5. Let f and g be two permutable transcendental entire functions
of bounded type. Then I(f) = I(g).
If semigroup S is generated by two transcendental entire functions as mentioned
in the theorems 1.4 and 1.5, then by theorem 1.3, we have I(S) = I(f) = I(g).
2. Invariant features of escaping set
We start our study from invariant property which is considered a very basic and
fundamental structure of escaping set I(S) of transcendental semigroup S.
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Definition 2.1 (Forward, backward and completely invariant set). For
a given semigroup S, a set U ⊂ C is said to be S-forward invariant if f(U) ⊂ U
for all f ∈ S. It is said to be S-backward invariant if f−1(U) ⊂ U for all f ∈ S
and it is called S-completely invariant if it is both forward and backward invariant.
Already Dinesh Kumar and Sanjay Kumar [5, Theorem 4.1] and recently we
[10, Theorem 2.3] prove the following result. Note that our proof is based on the
definition 1.2 of escaping set.
Theorem 2.1. The escaping set I(S) of transcendental semigroup S is S-
forward invariant.
It is well-known from [1, 2, 4, 8] that the classical escaping set of transcendental
entire function f is completely invariant.
There are several classes of transcendental semigroups from which we get back-
ward invariant escaping sets. In [6, Theorem 2.1] Dinesh Kumar and Sanjay Kumar
and in [10, Theorem 2.6] we prove the following result.
Theorem 2.2. The escaping set I(S) of transcendental semigroup S is S-
backward invariant if S is an abelian transcendental semigroup.
With the result of this theorem 2.2, we can conclude that an escaping set I(S)
is S-completely invariant if S is an abelian transcendental semigroup. For example,
the following semigroups
• 〈z + γ sin z, z + γ sin z + 2kpi〉,
• 〈z + γ sin z, −z − γ sin z + 2kpi〉,
• 〈z + γez, z + γez + 2kpii〉,
• 〈z − sin z, z − sin z + 2pi〉,
are abelian transcendental semigroups, so their escaping sets are S-completely in-
variant. Note that it will not better to conclude that escaping set can not be
completely invariant unless the semigroup is abelian.
Eremenko’s [2] result ∂I(f) = J(f) of classical transcendental dynamics can be
generalized to semigroup settings. Dinesh Kumar and Sanjay Kumar [5, Lemma
4.2 and Theorem 4.3] proved the following result.
Theorem 2.3. Let S be a transcendental entire semigroup. Then
(1) int(I(S)) ⊂ F (S) and ext(I(S)) ⊂ F (S), where int and ext respectively
denote the interior and exterior of I(S).
(2) ∂I(S) = J(S), where ∂I(S) denotes the boundary of I(S).
Eremenko and Lyubich [3] proved that if transcendental function f ∈ B, then
I(f) ⊂ J(f), and J(f) = I(f). Dinesh Kumar and Sanjay Kumar [5, Theorem
4.5] generalized these results to a finitely generated transcendental semigroup of
bounded type as shown below.
Theorem 2.4. For every finitely generated transcendental semigroup S = 〈f1,
f2, . . . , fn〉 in which each generator fi is of bounded type, then I(S) ⊂ J(S) and
J(S) = I(S).
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In contrary of the result of the theorem 2.2, the closure of escaping set I(S),
that is, I(S) and the Julia set J(S) are S-completely invariant even though the
semigroup S is not abelian. Dinesh Kumar and Sanjay kumar [6, Theorem 2.4 and
Corollary 2.5] proved the following result.
Theorem 2.5. The closure of the escaping set I(S) and Julia set J(S) are S-
completely invariant if a semigroup S is finitely generated and each of its generators
is of bounded type.
3. Completely invariant escaping set
The theorem 2.2 is a condition for completely invariant escaping set of transcen-
dental semigroup. It is indeed a generalization of completely invariant property of
classical escaping set of single function to more general settings of semigroup. In
this section, we generalize the classical completely invariant notion of escaping set of
single function to the completely invariant notion of escaping set of transcendental
semigroup. That is, we make completely invariant escaping set of semigroup S in
different manner under each element of S and we show that such type of completely
invariant escaping set is same as escaping set I(S) if and only if I(S) is S-completely
invariant.
Definition 3.1. For a transcendental semigroup S, let us define the completely
invariant escaping set of S
K(S) =
⋂
i∈N
{Ei : Ei is completely invariant under each f ∈ S and each Ei
contains points z ∈ C such that fn(z)→∞ as n→∞ for every f ∈ S}
There are non-trivial transcendental semigroups S for which completely invari-
ant escaping set K(S) exists. The following example stated in the theorem 1.3 will
be a good source of several other examples.
Example 3.1. Suppose that S = 〈f, g〉 and I(f) = I(g). Then K = I(S).
Since I(f) is completely invariant under f and I(g) is completely invariant under
g. If I(f) = I(g), then I(h) = I(f) = I(g) = I(S) for all h ∈ S. In this case,
K(S) = I(S). A concrete nice example of this case is a semi group S = 〈f, g〉
generated by the functions f(z) = eλz, λ ∈ C r {0} and g(z) = fk + 2pii
λ
, k ∈ N.
In this, we can find that I(h) = I(f) = I(g) = I(S) for all h ∈ S. Note that the
semigroup S that we mentioned here is not abelian. Another example of same kind
is a semigroup S = 〈f, g〉 generated by the functions f(z) = λ sin z, λ ∈ C r {0}
and g(z) = fk + 2pi, k ∈ N. In this case, we also get K(S) = I(S).
From this example 3.1, we can conclude that escaping set I(S) may be com-
pletely invariant even if semigroup S is not abelian. In such a case, escaping set
I(S) is nothing other than the set K(S). There are tanscendental semigroups S for
which the set I(S) as well as the set K(S) might be empty. For example:
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Example 3.2. Suppose that S = 〈f, g〉, where f(z) = ez and g(z) = e−z. Then
both K(S) and I(S) are empty sets. For z ∈ I(f), then g(fn(z)) = 1/ef
n(z) =
1/f(fn(z)) = 1/fn+1(z)→ 0 as n→∞.
Proposition 3.1. Let S be a transcendental semigroup. If K(S) 6= ∅, then it
is S-completely invariant under each f ∈ S and it contains all points z ∈ C with
fn(z)→∞ as n→∞ for every f ∈ S.
Proof. By the definition 3.1, the set K(S) =
⋂
i∈NEi, where Ei is completely
invariant for each f ∈ S and it contains points z ∈ C such that fn(z)→∞ as n→
∞. For all f ∈ S, we have f(K(S)) = f(
⋂
i∈NEi) ⊆
⋂
i∈N f(Ei) ⊆
⋂
i∈NEi ⊂ Ei
for all i ∈ N. This implies that f(K(S)) ⊂
⋂
i∈NEi = K(S). Backward invariant of
K(S) follows similarly. This proves that K(S) is S-completely invariant. The next
part follows from the definition 3.1. 
Proposition 3.2. The set K(S) ⊂ I(f) for each f ∈ S and so K(S) ⊂⋂
f∈S I(f)
Proof. Let z ∈ K(S). Then by the definition 3.1, z ∈ Ei for all i and f
n(z)→
∞ as n → ∞ for every f ∈ S. This proves that z ∈ I(S). From the theorem 1.1,
we have I(S) ⊂ I(f) for all f ∈ S. Thus, we must have K(S) ⊂ I(f) for all f ∈ S.
The last inclusion is obvious from the assertion K(S) ⊂ I(f) for all f ∈ S. 
The fact of this proposition 3.2 together with fact I(S) ⊂ I(f) for all f ∈ S, we
can say that K(S) is completely invariant escaping set which is contained in I(S).
The following result shows that K(S) sometime may be equal to I(S).
Proposition 3.3. Let S be a non-trivial transcendental semigroup. Then K(S)
= I(S) if and only if I(S) is S-completely invariant.
Proof. Let K(S) = I(S) where K(S) is S-completely invariant by the propo-
sition 3.1. So, I(S) is S-completely invariant.
Conversely suppose that I(S) is S-completely invariant. Then any z ∈ I(S)
implies that z ∈ K(S). So, I(S) ⊂ K(S). On the other hand, K(S) is completely
invariant and consists of points z ∈ C such that fn(z) → ∞ as n → ∞ for every
f ∈ S. So, it is nothing other than set I(S). 
A nice example of this proposition is an example 3.1. Next, we construct the
following set which gives an alternative convenient description of the set K(S). Let
S be a transcendental semigroup for which the set K(S) 6= ∅. Then by above
proposition 3.2, we can write
K(S) ⊂ I(h) for all h ∈ S
Note that as each I(h) is completely invariant, so their intersection
⋂
h∈S I(h) is
also completely invariant. Define
E0 =
⋂
h∈S
I(h)
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E1 =
⋃
h∈S
h−1(E0) ∪
⋃
h∈S
h(E0)
. . . . . . . . . . . . . . .
En+1 =
⋃
h∈S
h−1(En) ∪
⋃
h∈S
h(En)
and
(3.1) E =
⋂
n∈N∪{0}
En
Here, we have built-up set E from sets I(h) for all h ∈ S within their intersection.
Proposition 3.4. The set E =
⋂
n∈N∪{0} En is non-empty.
Proof. We show that K(S) ⊂ En for every n ∈ N∪{0} by induction. K(S) ⊂
E0 is obvious by above construction. By the completely invariant property of K(S)
under each h ∈ S, K(S) is subset of each sets h−1(E0) and h(E0) for all h ∈ S.
This shows K(S) ⊂ E1. Let us suppose K(S) ⊂ En. Since En+1 = h
−1(En)∪h(En)
for all h ∈ S. By the similar fashion as above, K(S) is subset of each of the
sets h−1(En) and h(En) for all h ∈ S. This shows that K(S) ⊂ En+1 for each
n ∈ N ∪ {0}. This proves set E 6= ∅. 
The following result will be a convenient description of a completely invariant
escaping set of transcendental semigroup
Theorem 3.1. Let S be a transcendental semigroup. Then E = K(S), where
E is a set defined in 3.1.
First we prove the following lemma.
Lemma 3.1. The closure E of any E ⊂ C is completely invariant under a
transcendental entire function f if and only if the set E itself is completely invariant
under the same function f .
Proof. Let E is completely invariant under the given transcendental entire
function f . Then f(E) ⊂ E and f−1(E) ⊂ E. Let z ∈ E, then f(z) ∈ f(E) and
so f(z) ∈ E. Also, z ∈ E =⇒ there exists sequence (zn)n∈N in E such that zn → z
as n → ∞. From the continuity of the function f we can write f(zn) → f(z) as
n→∞. As f(z) ∈ E, we must have f(zn) ∈ E. Note that f(zn) ∈ f(E) as zn ∈ E.
Thus we must have f(E) ⊂ E.
Next, let z ∈ E, then f−1(z) ∈ f−1(E) ⊂ E. So there exists f−1(zn) ∈ E such
that f−1(zn) → f
−1(z) as n → ∞. However, it is obvious that f−1(zn) ∈ f
−1(E).
Thus we must have f−1(E) ⊂ E.
The converse part of this lemma follows from [?, Theorem 3.2.3]. 
Note that under the assumption of this lemma 3.1, not only the closure of
completely invariant set is invariant but also its complement, interior and boundary
are also completely invariant (see for instance [?, Theorem 3.2.3]).
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Proof of the Theorem 3.1. Since as defined in 3.1, K(S) is completely in-
variant under each of h ∈ S and is contained in I(h) for all h ∈ S. Hence, it is
contained in En for all n ∈ N ∪ {0}. Therefore, K(S) ⊂ E.
On the other hand, set E is contained in I(h) where each of I(h) is completely
invariant. We need to show that E is completely invariant for each f ∈ S and for
every z ∈ E, fn(z)→∞ as n→∞ for every f ∈ S.
Since any f ∈ S is continuous in C and E ⊂ C. So by the usual topological
argument, f(E) ⊂ f(E) ⇒ f−1(f(E)) is closed in C for every f ∈ S ⇒ f is a
continuous closed map. This shows that f(E) and f−1(E) are both closed sets in
C. Since each f ∈ S is continuous closed map and f(En) ⊂ En and f
−1(En) ⊂ En
for all n. Which shows that f(E) ⊂ E and f−1(E) ⊂ E. By lemma 3.1, it proves
that E is completely invariant under each f ∈ S.
Finally, any z ∈ E ⇒ z ∈ En for all n. Again En is a union of all images and
pre-images of En−1 under the each map f ∈ S. By this way, the point z belongs to
the image or pre-image of E0 under each map f ∈ S. Since E0 is contained within
of all escaping set of all functions f ∈ S, so this point z goes to infinity under the
iteration of any function in S. Hence E ⊂ K(S). 
The following relation holds good in general between the sets K(S) and I(S)
for a non-abelian transcendental semigroup S.
Proposition 3.5. Let S be a non-trivial and non-abelian transcendental semi-
group. Then K(S) ⊂ I(S).
Proof. By the theorem 3.1, K(S) = E and E ⊂ I(S) by the construction
of set E (that is, E is completely invariant and I(S) is not) in 3.1. Hence the
proposition follows. 
We also can construct I(S) by similar fashion as in K(S). Note that escaping
set I(S) is in general only forward invariant. Define
F0 =
⋂
h∈S
I(h),
F1 =
⋃
h∈S
(h(F0))
. . . . . . . . .
Fn+1 =
⋃
h∈S
(h(Fn))
and
(3.2) F =
⋂
n∈N
Fn
We can show that F 6= ∅ by the similar process as in proposition 3.4. Here, we
also have built-up set F from sets I(h) for all h ∈ S within their intersection.
The fundamental difference of this set F to that from the set E of 3.1 is that it
is constructed from only forward invariant property under each h ∈ S. Where as
the set E was constructed by completely invariant property under each h ∈ S. The
COMPLETELY INVARIANT ESCAPING SET OF TRANSCENDENTAL SEMIGROUP 9
following theorem provides an alternative definition of escaping set of transcendental
semigroup.
Theorem 3.2. Let S be a transcendental semigroup. Then F = I(S), where F
is defined in 3.2.
Proof. Since I(S) is forward invariant under each h ∈ S and is contained in
each of I(h), so it is contained in F . On the other hand, the set F is contained in
I(S) by above construction. 
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